Once it succeeds, the INS error can be evaluated and removed. The proposed method was tested using land vehicle data, in which simulated cycle slips and signal interruption were introduced. The results show that this method can accurately detect and repair different cycle slips between the continuous Global Positioning System (GPS) epoch. When it comes to the cycle slip after a GPS interruption, the method can also accelerate PPP re-convergence, as it is not affected by the inertial accumulation error.
Introduction
Precise Point Positioning (PPP) has received extensive attention over the last decade because it provides high-precision positioning with only a single receiver. Combined with an Inertial Navigation System (INS), the PPP/INS can provide both positioning and orientation information with a high sampling rate. PPP and its integration system are suitable for applications where differential positioning is not applicable, such as disaster assessment and management, marine surveying and environmental monitoring in isolated areas [1] [2] [3] . However, PPP can be easily deteriorated by a cycle slip (CS) or signal loss of lock due to high dynamics, low satellite elevation, or obstruction along In the following section, PPP/INS integration is introduced, followed by the methodology of detecting and repairing cycle slip with combined observations from WL-INS and IF-INS model. The INS error-free models are then presented to remove INS error and raise the precision of cycle slip determination. Numerical experiments are presented and discussed to evaluate the performance of the proposed method. The conclusions are provided in the final section.
Precise Point Positioning/Inertial Navigation System (PPP/INS) Integration
Assuming that the satellite orbit and clock errors are removed by applying the precise satellite orbit and clock products, and other system errors including the antenna phase center offset, phase wind-up effect, relativistic effect, earth tides, and ocean loading are corrected, the carrier phase measurements can be expressed as follows:
where L is the phase observation, ρ is the geometric distance between the satellite and receiver, c is the speed of light, dt r is the receiver clock bias, T is a slant tropospheric delay, I is a slant ionospheric delay, N and λ are float ambiguity and wavelength, respectively, ε is the unmodeled error, including observation noise and multipath effect, and i denotes the frequency of the satellite signal.
To eliminate the ionospheric effects in the signal measurements, an IF linear combination is often utilized in PPP data processing, which can be expressed as:
where L IF is the ionospheric-free phase observation, N IF and λ IF are the ionospheric-free ambiguity and wavelength, respectively. Compared with PPP used alone, PPP/INS integration provides higher data rates to find position. It also helps fill in gaps in the case of PPP signal loss of lock. The integration can be divided into two basic modes, i.e., loosely and tightly coupling modes. Although the cycle slip detection and repair method presented in this research can be implemented in both modes, only the second model will be briefly discussed. The tightly coupling mode uses a Kalman filter to fuse the original observation of PPP and resolution via INS mechanization, as illustrated in Figure 1 . The resulting error estimates are sent to the INS to find the filtered positioning and orientation output. Meanwhile, the INS outputs are also used to assist PPP in cycle slip detection and repair to enhance the quality control of the integrated system. Considering the system performance and observability factors, a Kalman filter with 15 INS error states plus GPS states was developed in our processing software. The filter state vector is given by:
where the states are INS position error, INS velocity error, INS attitude error, accelerometer bias, gyro bias, receiver clock bias, receiver clock drift, zenith tropospheric wet delay, and IF ambiguities in sequence. The Kalman filter measurements are the differences among the INS estimated phase, pseudorange, Doppler, and the corresponding GPS observations. 
INS-Aided Cycle Slip (CS) Detection and Repair
The main idea of INS-aided CS detection and repair in PPP/INS is to create a CS-sensitive detection and repair model. This goal is achieved by removing satellite-receiver geometric range in phase observation with high-precision INS information instead of pseudorange observation. It is also conducted in cooperation with other error elimination methods, i.e., satellite differencing, epoch differencing, ionospheric delay model, and linear combination of observations. The ultimate aim is to speed up the re-convergence of PPP when signal discontinuity occurs. The details of the INS-aided method will be discussed in the following three parts: WL-INS CS detection model, IF-INS CS detection model, INS-aided CS repair and ambiguity recovery method.
Wide-Lane (WL)-INS Model
From Equation (1), a WL measurement equation can be formed as follows:
where the subscript WL denotes the wide-lane combination with a long wavelength and can be detected easily. A detailed procedure for INS-aided WL detection is as follows:
Firstly, the satellite-receiver geometric range ρ can be predicted by the INS position and precise satellite orbit product.
where INS ρ is the predicted satellite-receiver geometric range and is based on the INS position and the satellite position, ( , 
Subsequently, satellite differential processing is implemented by selecting an appropriate reference satellite to eliminate the receiver clock error. The satellite differential processing also removes other receiver errors, such as the uncalibrated phase delay. 
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where the subscript WL denotes the wide-lane combination with a long wavelength and can be detected easily. A detailed procedure for INS-aided WL detection is as follows: Firstly, the satellite-receiver geometric range ρ can be predicted by the INS position and precise satellite orbit product.
where ρ I NS is the predicted satellite-receiver geometric range and is based on the INS position and the satellite position, (X I NS , Y I NS , Z I NS ) is the INS position, (X s , Y s , Z s ) is the satellite position, and ε I NS represents the error introduced by the INS, i.e., the INS-predicted geometric range error (abbreviated as INS error in the following section). Because the INS has excellent short time performance, the predicted satellite-receiver geometric range is very accurate. By substituting Equation (5) into Equation (4), the INS-aided WL combination L W L−I NS can be created as follows:
Subsequently, satellite differential processing is implemented by selecting an appropriate reference satellite to eliminate the receiver clock error. The satellite differential processing also removes other receiver errors, such as the uncalibrated phase delay.
where ∆ indicates the differencing operation between satellites. Finally, epoch differential processing is implemented to the observations. For a low dynamic receiver, the tropospheric delay varies slightly in a few minutes under stable meteorology [21] [22] [23] . Therefore, the remaining tropospheric delay can be ignored after applying parameter estimation and epoch difference. Ionospheric delay usually has a strong temporal correlation over a few minutes [24] [25] [26] [27] . In the case of an outage of several minutes, centimeter-level prediction accuracy can be obtained by applying an ionospheric fitting model [16, 28] . Thus, the effect of ionospheric delay can also be eliminated by the ionospheric fitting model and epoch differential processing. The double differenced WL-INS model between two satellites and two consecutive epochs, i.e., satellite-epoch differenced WL-INS model, can be represented as follows: In general, the carrier phase measurement error is about 3 mm. As a consequence, the satellite-epoch differenced WL error δ∆ε(L WL ) is much smaller than the WL wavelength. Epoch differencing eliminates the common positioning error of INS between two adjacent epochs. Only the accumulated INS error in the time interval remains, which depends on the IMU accuracy level and the sampling rate. For a short time interval, the INS accumulation error is limited, and δ∆L WL−INS has a short-term high accuracy for cycle slip detection. Therefore, the WL-INS model is sensitive to small cycle slip and unaffected by positioning bias when PPP does not reach the convergence. However, it cannot detect equal cycle slips on dual frequencies. To avoid missing reports of cycle slip, it must be combined with other cycle slip methods.
Ionospheric-Free (IF)-INS Model
Following the same procedure described in the section of WL-INS model, the IF-INS CS detection model can be established as Equation (10) . When the INS and a precise ephemeris are used to provide high-precision position information for receivers and satellites, the range information in IF combination will be accurately estimated. Subsequently, the receiver clock error will be removed by satellite differential processing, and the tropospheric delay and ambiguity parameters will be eliminated by epoch differential processing. 
where δ∆ N 1 and δ∆ N 2 are the real cycle slips on L1 and L2 frequencies, respectively. The strategy of rounding recovery is applied to the INS-aided CS repair and ambiguity recovery. It rounds the combined real solution of the WL-INS model and IF-INS model. If the rounding error is small enough and the rounded cycle slips pass the validation checks, the ambiguities are successfully recovered. Otherwise, the real cycle slips are added to the ambiguities at a previous epoch, which are treated as the initial values of PPP convergence. Compared with the code-assisted ambiguity recovery method, the INS-aided solution has a better short-term accuracy and makes it easier to repair cycle slips or shorten the time of ambiguity re-convergence.
However, INS drift will be unneglectable when the GPS signal is interrupted for a long time, and the WL-INS and IF-INS model will become invalid. Therefore, reducing the influence of INS accumulation error becomes the critical problem to apply the INS-aided method in relatively long GPS interruption. An alternative approach is the use of high-level IMU sensors, but it is costly. Here, we propose the INS error-free models by taking advantage of the easily fixing characteristic of WL CS. The improved cycle slip detection models are still INS-aided but enhanced with the feature of INS error-free, thereby resulting in improved performance when long GPS interruption occurs.
INS Error-Free WL-INS and IF-INS Model
As the INS-aided models depend significantly on the accuracy of INS, the cycle slip will fail to be detected if INS error goes too large. This section mainly describes the method of estimating and removing the INS error of the WL-INS and IF-INS models. It takes advantage of the long wavelength of WL combination and tries to fix the cycle slip on WL. Once it succeeds, the INS error in the wide-lane and ionosphere-free detection models are evaluated, and the INS error-free models are consequently produced with an improved performance.
Error Evaluation
The WL satellite-epoch differenced CS is easy to fix when using the Least-square Ambiguity Decorrelation Adjustment (LAMBDA) method or other methods because WL phase combination has a wavelength of 86 cm. Once the WL CS is fixed, the error term, including satellite-epoch differenced WL phase observation error and INS error, can be determined. For simplicity, we use the rounding method to obtain the WL CS. From Equation (8), the fixed WL satellite-epoch differenced CS can be expressed as:
where [ ] denotes the rounding operator. By substituting Equation (13) into Equation (8), the residual error of WL-INS model, i.e., the sum of the satellite-epoch differenced phase observation error and INS error, can be obtained as follows:
where the satellite-epoch differenced INS error and phase error cannot be separated. For long-term interruption, the INS error is much larger than the WL phase error and dominates the residual error stated in the left of Equation (14).
INS Error-Free Models
When the cycle slip on WL is fixed, the residual error can be removed from the WL-INS model, and the INS error is also excluded from the model as a consequence. The INS error-free WL-INS model can be expressed as follows:
By substituting the residual error of Equation (14) into Equation (10) and shifting the IF and WL phase errors to the right side of the equation yields, the INS error-free IF-INS model can be obtained as follows:
Compared to the IF-INS model in Equation (10), Equation (16) δ∆ N 1 and δ∆ N 2 in the L1 and L2 frequencies can also be determined similar to Equation (12) .
Cycle slip repair is highly dependent upon the accuracy of calculated WL CS. In general, the WL CS δ∆ N W L can be determined correctly. Once δ∆ N W L is fixed, the INS error can be evaluated and removed from both the WL-INS and IF-INS model. Although the satellite-epoch differenced WL and IF phase error remain in the real cycle slips, they will be equally distributed to cycle slips on L1 and L2, i.e., δ∆ε(L 1 ) = δ∆ε(L 2 ), with the magnitude not exceeding one or two cycles. These errors will cause a bias of 0.1-0.2 m on IF ambiguities, which are much lower than the code-aided method. INS error-free strategy extends the INS-aided method to situations where long-term interruption occurs or low-cost Micro-Electromechanical Systems (MEMS) IMU is applied.
Numerical Experiments and Analyses
Field test data were collected by a land vehicle on an open area in the suburbs of Beijing, China. A NovAtel SPAN-SE dual-frequency GPS receiver and a tactical-grade IMU were mounted in the trunk, while the GPS antenna was mounted on the roof of the vehicle. The IMU consists of three closed-loop fiber optic gyroscopes and three quartz accelerometers with bias stability of 0.3 • /h and 0.1 mg, respectively. The sampling rate of GPS data was 1 Hz, whereas the IMU measurements were recorded at a rate of 200 Hz. Figure 2 shows the research set and the area of the field test. Waypoint Inertial Explorer post-processing software was used to calculate the reference trajectory of the test. 
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Compared to the IF-INS model in Equation (10), Equation (16) , with the magnitude not exceeding one or two cycles. These errors will cause a bias of 0.1-0.2 m on IF ambiguities, which are much lower than the code-aided method. INS error-free strategy extends the INS-aided method to situations where long-term interruption occurs or low-cost Micro-Electromechanical Systems (MEMS) IMU is applied.
Numerical Experiments and Analyses
Field test data were collected by a land vehicle on an open area in the suburbs of Beijing, China. A NovAtel SPAN-SE dual-frequency GPS receiver and a tactical-grade IMU were mounted in the trunk, while the GPS antenna was mounted on the roof of the vehicle. The IMU consists of three closed-loop fiber optic gyroscopes and three quartz accelerometers with bias stability of 0.3°/h and 0.1 mg, respectively. The sampling rate of GPS data was 1 Hz, whereas the IMU measurements were recorded at a rate of 200 Hz. Figure 2 shows the research set and the area of the field test. Waypoint Inertial Explorer post-processing software was used to calculate the reference trajectory of the test. The whole duration of the dataset was 1.5 h, and the vehicle ran for about 15 km at a speed of up to 35 km/h. To initialize the integration system, the vehicle stopped for about 15 min before driving away. It also came across a few traffic red lights during driving. The trajectory of the test is shown in Figure 3 . The PRN 03 was chosen as the reference satellite because it had a high elevation angle above 70 • throughout the test, and no cycle slips occurred. The whole duration of the dataset was 1.5 h, and the vehicle ran for about 15 km at a speed of up to 35 km/h. To initialize the integration system, the vehicle stopped for about 15 min before driving away. It also came across a few traffic red lights during driving. The trajectory of the test is shown in Figure 3 . The PRN 03 was chosen as the reference satellite because it had a high elevation angle above 70° throughout the test, and no cycle slips occurred. 
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With PRN 13 as an example, INS-aided models, including WL-INS model δ∆L W L−I NS , IF-INS model δ∆L IF−I NS , INS error-free WL-INS model δ∆L W L−I NS , and INS error-free IF-INS model
δ∆L IF−I NS , are shown in Figure 4 .
( The whole duration of the dataset was 1.5 h, and the vehicle ran for about 15 km at a speed of up to 35 km/h. To initialize the integration system, the vehicle stopped for about 15 min before driving away. It also came across a few traffic red lights during driving. The trajectory of the test is shown in Figure 3 . The PRN 03 was chosen as the reference satellite because it had a high elevation angle above 70° throughout the test, and no cycle slips occurred. To evaluate the performance of the INS-aided method, simulated cycle slips were manually introduced to the carrier phase observations of PRN 13. They had an equal time interval of 200 s with a total number of 14 pairs, including small cycle slips, special pairs cycle slips, and equal cycle slips on L1 and L2 frequencies. Table 1 summarizes the simulated cycle slip values, corresponding detection models, and real cycle slip solutions using the proposed method. Figure 5 shows the four cycle slip detection models for the whole duration of the test.
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With PRN 13 as an example, INS-aided models, including WL-INS model
Considering the impact of various errors, the thresholds of δ∆L W L−I NS , δ∆L IF−I NS , and δ∆L IF−I NS were set to 0.3, 0.3, and 0.05 m, respectively. The following conclusions can be drawn from this study.
(1) The WL-INS model is highly sensitive to small WL CSs, but it cannot detect the equal cycle slips on L1 and L2 frequencies (such as 3/3). The IF-INS model can detect small cycle slips and equal cycle slips on dual frequencies, but it is insensitive to the special pairs cycle slips (such as 4/5 and 7/9). Therefore, through the joint use of the WL-INS and IF-INS models, all 14 pairs of cycle slips can be successfully detected. The combination of the INS error-free WL-INS and IF-INS model also achieves similar detection accuracy.
(2) Given that the PPP measurements are collected at 1 Hz, the inertial accumulation error is minimal during this period. Hence, both the INS-aided models and the INS error-free models can successfully solve the integer cycle slips with the rounding precision within ±0.1 cycles. To evaluate the performance of the INS-aided method, simulated cycle slips were manually introduced to the carrier phase observations of PRN 13. They had an equal time interval of 200 s with a total number of 14 pairs, including small cycle slips, special pairs cycle slips, and equal cycle slips on L1 and L2 frequencies. Table 1 summarizes the simulated cycle slip values, corresponding detection models, and real cycle slip solutions using the proposed method. Figure 5 shows the four cycle slip detection models for the whole duration of the test.
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were set to 0.3, 0.3, and 0.05 m, respectively. The following conclusions can be drawn from this study.
(2) Given that the PPP measurements are collected at 1 Hz, the inertial accumulation error is minimal during this period. Hence, both the INS-aided models and the INS error-free models can successfully solve the integer cycle slips with the rounding precision within ±0.1 cycles. 
INS-Aided Ambiguity Recovery
When GPS signal is interrupted, the ambiguities usually need to be reinitialized. In this study, we use the INS-aided method to determine cycle slips after the interruption. If the obtained cycle slips are correct, the ambiguities can be successfully recovered within a single epoch. Otherwise, cycle slips are added to the ambiguities before the interruption, which are treated as the initial value of PPP convergence.
To evaluate the long-term performance of the proposed INS-aided method, simulated signal interruptions with different durations (10-60 s with 10 s as an increment step) were introduced to the data, as well as simulated cycle slips on all satellites (except the reference satellite). Cycle slips differ with satellites but cover large, small, special pairs, and equal cycle slips on dual frequencies (as shown in Table 2 ). By applying the INS-aided CS detection models and INS error-free models to the simulated data, we have the resolution of cycle slips ( Table 2) .
(1) The INS-aided CS detection models can successfully detect and repair cycle slips when GPS outage is within 20 s. However, if the outage is continuous, the INS-aided method decreases in accuracy significantly and will finally lose its effectiveness because of inertial accumulation error.
(2) For the INS error-free models, the INS accumulation error is eliminated by fixing WL CSs. When PPP data are interrupted for 50 s or less, the cycle slips on all satellites can still be successfully detected and repaired even though the rounding errors are apparently increasing as the outage increasing. When the outage reaches 60 s, one satellite cycle slip is resolved with an incorrect value, and others are also with excessive residual error. However, as the WL CSs are successfully fixed, the remaining errors are equally distributed to cycle slips on L1 and L2 with one cycle magnitude.
For the outage of 60 s, we obtain the real cycle slips from the float solution of the INS error-free method. These cycle slips are then combined with the ambiguities before the interruption as the initial ambiguities for PPP re-convergence. The positioning error of the INS error-free models is calculated with the reference of differential GPS solution. In addition, code-assisted ambiguity recovery is applied to the data for comparison, as depicted in Figure 6 . The INS error-free models decrease the positioning error and accelerate the re-convergence time of PPP compared with the code-assisted method. Although a pair of incorrect cycle slips by the INS error-free method exists, it only causes 0.1-0.2 m ambiguity range errors in the corresponding satellite, which are much smaller than those caused by the code-assisted method. 
Conclusions
In this work, an effective INS-aided CS detection and repair method is proposed for PPP/INS integration to speed up the convergence of PPP solution. It utilizes high-precision INS and a precise ephemeris instead of pseudorange to obtain the satellite-receiver geometric distance. Therefore, it has an excellent performance for cycle slips between continuous GPS epochs. Unlike other existing INS-aided cycle slip detection methods, the presented method evaluates and removes the inertial accumulation error from the cycle slip detection models by fixing WL CSs. It can recover the ambiguity within one epoch after a long-term GPS interruption. The presented method was tested using the land vehicle data, where different kinds of simulated cycle slips and signal interruptions were introduced. It shows adaptability when encountering large, small, special pairs, or equal cycle slips on L1 and L2 frequencies, and can speed up the convergence of PPP solutions even encountering 1 min GPS signal interruption when a tactical grade IMU is used.
In addition, the INS-aided method has some attendant merits. It does not require time smoothing, which is required by the TurboEdit method. Only previous and current epoch observations are needed for processing. Therefore, this method is suitable for real-time applications. It also makes it possible to use low-cost MEMS IMU in PPP/INS integration since the regulation of the INS error is loosened. Epoch differencing eliminates the common positioning error between neighbor epochs, so this method is effective even when PPP does not reach the convergence.
